PHYSICAL REVIEW D, VOLUME 60, 076001

Landau-Pomeranchuk-Migdal effect and transition radiation in structured targets
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The radiation from high-energy electrons is investigated for the case when a target consists of several
separated plates. The spectrum of radiation is considered in the region in which the bremsstrahlung is under the
influence of the multiple scattering of a projectitae LPM effec}; the polarization of a medium and the hard
part of the boundary radiation contribute. In this region the general expression for the radiation spectrum is
obtained for theN-plate target. A qualitative description of the arising interference pattern is given.
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[. INTRODUCTION are taken into account. [i®] the effect of multiphoton emis-
sion from a single electron was studied, this effect is very
The process of bremsstrahlung from high-energy electroessential for understanding dd#-6]. The LPM effect was
occurs over a rather long distance, known as the formatiofecently under active investigation, see, €.§0,11 and re-
length. If the formation length of the bremsstrahlung be-view [12].
comes comparable to the distance over which a mean angle In paperd7,8] the target is considered as a homogeneous
of multiple scattering becomes comparable with a characterlate. A radiator which consists of a set of thin plates is of
istic angle of radiation, the bremsstrahlung will be sup-great interest.
pressed (the Landau-Pomeranchuk-MigdgLPM) effect The radiation from several plates for the relatively hard
[1,2]). An influence of polarization of a medium on radiation part of the spectrum in which the bremsstrahlung in the con-
process leads also to suppression of the soft photon emissiélifion of the strong LPM effect dominates was investigated
(Ter-Mikaelian effect, see if3]). recently in[13]. A rather curious interference pattern in the
A very successful series of experimefits-6] was per- spectrum of the radiation was found which depends on a
formed at SLAC during recent years. In these experiment§umber(and a thicknegsof plates and the distance between
the cross section of the bremsstrahlung of soft photons witRlates. In this part of the spectrum one can neglect the effects
energy from 200 keV to 500 MeV from electrons with ener- Of the polarization of a medium.
gies 8 GeV and 25 GeV is measured with an accuracy of the In the present paper the probability of radiation in a ra-
order of a few percent. Both the LPM effect, and dielectricdiator consisting oN plates is calculated. The transition ra-
Suppressior(the effects of the po|arization of a medium diation dominates in the soft part of the considered spectrum,
were observed and investigated. These experiments wereVghile the bremsstrahlung under influence of the strong LPM
challenge for theory since in all the previous papers calculaeffect dominates in the hard part. The intermediate region of
tions (cited in[7]) were performed to logarithmic accuracy the photon energies where contributions of the both men-
which is not enough for a description of the new experiment_’[iOﬂEd mechanisms are of the same order is of evident inter-
Very recently authors developed a new approach to th€st. We consider this region in detail. In this region effects of
theory of the LPM effecf7] in which the cross section of the the polarization of the medium are essential. The numerical
bremsstrahlung process in the photon energies region wheg&lculation was performed for the radiator of two gold plates
the influence of the LPM is very strong was calculated withwith thicknessl;=0.35% L,4,Laq is the radiation length,
a termec /L, wherel is characteristic logarithm of the prob- (the same object was considered[8]). The interference
lem, and with the Coulomb corrections taken into account. IrPattern depending on the distance between plates was ana-
the photon energy region, where the LPM effect is “turnedlyzed in the intermediate region. An another interference pat-
off,” the obtained cross section gives the exact Bethe-Heitlefern was found in the soft part of the spectrum where the
cross sectiorfwithin power accuracywith the Coulomb cor-  transition radiation contributes only.
rections. This important feature was absent in the previous
calculations. The polarization of a medium is incorporated Il. RADIATION FROM STRUCTURED TARGET
into this approach. The considerable contribution into the
soft part of the measured spectrum of radiation gives a pho- With allowance for the multiple scattering and the polar-
ton emission on the boundaries of a target[]]hwe inves- ization of a medium we have for the Spectral distribution of
tigated the case when a target is much thicker or much thinthe probability of radiatior{see Eq.(4.4) of [7], and Eq.
ner than the formation length of the radiation. A target of an(2.1) of [8]]
intermediate thickness was studied in paf#r In the last
paper we derived general expression for the spectral prob- dw da
ability of radiation in a thin target and in a target of interme- - —Ref dt2f dty exp{ —i ft r“(t)dt)
diate thickness in which the multiple scattering, the polariza- '
tion of a medium and radiation on the boundaries of a target X(0|r1S(ty,t;) +r,pS(ts,t1)p|0), (2.0
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where 9= HT,—t), Ti=l1/lo.
) I 2eg’ Here we consider the case when the target consists of N
p(t)=1+kog(t), t= Ty’ |o=_wm2, identical plates of thicknesk, with the equal gap$, be-
tween them. The cade<I . will be analyzed wherg; is the
o2 .2 3 characteristic formation length of radiation in the absence of
=—, =1+, Ko=—2, (2.2)  matter (g=0):
€ e ©
lo lo 4
l.= = ==(1+pHT,<1, (2.6
€ 4dan c 292 ! ¢/ T1=5
wp:fywO’ 'y: a' wg: m 1+'y ﬁC 1+pC IC

where 9. is the characteristic angle of radiation.
Heree is the energy of the initial electrom is the energy of In [7] (Sec. 5 we obtained the following expression for
radiated photons’ =& — w, nis the density of electrons in a the operatoiS(t,,t,):
medium,| is the length of the trajectory of a particle, and the
function g(t) describes change of the density of a medium  S(t,t;)=exp(—iHgty)T
on the trajectory. The mean value in Eg.1) is taken over

. 7 . ) t
states with definite value of the two-dimensional operaor xexp{ _j 2\/(g+ 2pt,t)dt[exp(iH oty),
(see[7], Sec. 2. The propagator of electron has a form ty
tp 2.7
th,t1)=T —i t)dt|, 2.3
S(t2,ty) exp{ IL RO @3 whereH,=p? V(g,t)=V(g)g(t), and T means the chrono-
logical product. Let us introduce the new variables
where the HamiltoniarH(t) is
tlzan_Tl, t2:n2T+7'2+T1, T:T1+T2,
H()=p*=iV(Q)g(t), p=-iV,,
4 L . .
V(e)=Qp?% L;+In——-2C|, Substituting these variables into EQ.7) we have
02
S(tz,tl):exn:_|Ho(n2T+ 7'2+T1)]
_ 27Z%a’se'n r nyT+T,
s X exp_ - fnZT V(o+2p(n,T+7))dr
(2.9
(Np—1)T+Tq
a2  a xexp—f V(e+2p[(n,—1)T+7])dr
Li=In—=2, Z_18x7 Y (ng-1)T
1 AW ’ i
c nqT+Tq
X exp —f V(o+2p(n, T+ 7))dr| ...
«® 1 L an
f=f(Za)=(Za)?), ————, .
(Za)=(Za* 2 e o X exeliHo(nyT+ 7)1, 2.9

where C=0.5772% . .. is Euler's constant. The contribu- Using the equality

tion of scattering of a projectile on the atomic electrons may _ . .
be incorporated into the effective potentia{g). The sum- Vie+2pnT)=expiHonV(e)exp —iHonT) 2.10

mary potential including both an elastic and an inelastic scat-
tering Is and the conditior(2.6) we obtain

A2 e S(ty,t)=exp —iHm)exp(— V(o) T)exp —iHT)
V(Q)+Ve(Q)Z_QefQZ<In_ZC‘HnZ‘f‘ZC , (2.9 )
Aef Xexp(—=V(0)Ty) ...exg—iHT)
where Xexp(—V(e)T)exp(iH 7). (2.1)
1 1.88+f(Za) Here we neglected the term-iH T, in the exponent
Qer=Q1% 7). 2ermagexy— 7 — [exp(—iH o(7o+ T1))—exp(-iHom)] since HoT,~pZT,

<1, we neglected also the ternp2 in the argument of the
In Eqg. (2.1 it is implied that the subtraction is made ¥t functionV(go+2p7) (the term of the order pj is conserved
=0, k=1. in comparison with the term of the ordpgT,, see[7], Sec.
In [8] the target was one plate of an arbitrary thicknigss 5).

076001-2



LANDAU-POMERANCHUK-MIGDAL EFFECT AND ...

We will use below the matrix element of the form

gn(p’,p)=(p’|exp(—a(e))exp(—iHT)
xexp(—a()) ...exg—iHqoT)exp(—a(e))|p),
(2.12

wherea(0)=V(p) T4, the matrix element is calculated be-
tween states with definite momentum. The potentigb) in
Eqg. (2.4 we write in the form

V(e)=Vy(@)+Vv(0), Vp(@)=0ge? q=0QLy,

2
ag

2.2’
c&b

Ly=L(ep)=In (2.13

where the parameter, is defined by a set of equatiohae
rearranged terms in E@5.9) of [7]]:

op=1, Ly,=L,
277 Il
for 4QLT;=— <1, q=0Ly;
a Liag
(2.14
, 2w 1y In o2
4QL(Qb)T19b:7L_de 1I-/— =L
ra
for 4QL,T,>1,

wherel , is defined in Eq(2.4). The parametep,=1/p. is
determined by a characteristic angle of radiatismomentum
transfej. We will calculate the matrix elememy,(p’,p) in
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b n
9n(p’.p)= ;) szplf dzpz---Jd2pn71
X exd —b(p’—p1)2—ip2T—b(p;—p,)?
—ip3T ... —b(py_1—P)?—ipi_;T]
b b_ ., i —d pop’
—W—dnex —d—n[(p +p)(dh—dn-1)—2pp’];,
(2.16
where
1 2 n
dnEdn(a’):2 ,—az—l[(a+ Vat—1)
iT
—(a—+a?—1)"], a=1+-. (2.1

The obtained functionl,(«) is the polynomial with respect
to « of degree (—1):
dOZO, d]_: 1,

d,=2a, d3=4a2— 1,

ds=4a(2a’-1) ... . (2.18

After substitutiona=coshz we find from Eqgs.(2.17 and
(2.1

the first approximation neglecting correction terms contain-

ing v(@). Then
V(e)=Vy(0)=ae? gi(p’.p)=(p’|exp(—qT.0%|p),
=f d?o(p’le)(elexp—qT.0%)|e){elp)

_ 1
(2m)?

J d?e exdi(p—p’)e—qT,07%]

b
—exi —b(p—p")°], (2.19

where b=1/(4qT,). In the calculation of the expression

(2.12 we insert the combinations of the state vectors

between the

Ip0){Pal - - - [Pn-1){Pn-1l operators

exd—a(e)] and use the matrix element calculated in Eq.

(2.15. We have

_sinhnn
" sinhy
, . bsinhp
Xexp — b [(p'?+p?)(sinhny
sinhny
—sinh(n—1)n)—2sinhypp’']{, (2.19
where

sinhy=2.iqT,;T(1+iqT,T).

For the casep<<1 one has

I

i — T
n=2iqT,T=2TViq, qzq?lzq

s
: bz
9n(P".P)= ar sinhny
X exp — o7 [(p’'2+ p?)coshny—2pp’]
sinhny 7 '

(2.20

For the limiting casenn<<1 one has
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b b
gn(p’ p)~—eXp{ =(p —p)} (2.2))

Using the results obtained we can calculate now the mean

value entering Eq(2.1):

(0[Sy(t2,t1)|0)= f d?p’ J d?p(0[p’ }{p'|Sx(t2,t1)]0)

x(p|0)
o' o

7l

Xexp(—ip'21,—ip?11)gn(p’.p)

" (2m?

B b
~ 4xd,y,
?’n:"'ﬁ_ﬁﬁ"‘iO’n(Tl"‘Tz)_Tsza
Bn=7~ 0n=Bn(dn—dy_1). (2.22

If we use the same procedure for the second mean value
Eqg. (2.1) we obtain

2

(0]pSn(tz,t1)pl0)= (2.23

47Tdﬁ7ﬁ

We split now the spectral distribution of the probability of
radiation into two parts:

dw dwp, dw
do do do ’
der
f dtzf dt, ex —|f p(tdt
X<O|r1[5(t2,tl)_s(o)(tz,tl)]"’rzp[s(tz,tl)
—SO(t,,t1)]p0), (2.24)
thr

—exp(—i(ta—ty))

ex;{—lf ,u(t)dt)
t

x(0| r1SO(ty,t1) +1,pSt, ,t1)p[0),

SO (ty,t))=exd —iHo(ty—t1)], (2.29

wheredw,, /dw is the spectral distribution of the probability

of bremsstrahlung with allowance for the multiple scattering

and polarization of a mediundw;, /dw is the probability of

the transition radiation obtained in the frame of quantum

electrodynamics.
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Note that the subtraction in Eg2.24) has to follow the
procedure

(0]$4/0) —(0[Sy(q=0)|0). (2.26
The integral in the exponential in EQR.24) is
ty —
f/.L(t)dtZTl‘l'T2+KT1+(I’I—1)KT,
ty
— > —_ Ko
k=1+«3, k=1+«5 K= , (2.27
[+1,

where we used notations introduced in E@?2) and (2.8).
Substituting (2.22), (2.23, (2.26, and (2.27) into Eq.
(2.24) we obtain the following expression for the spectral
distribution of the probability of the bremsstrahlung with al-
lowance for the multiple scattering and the polarization of a

medium for theN-plate target

(N) -
d(\jIV:)r:%Renl%=o dry | dmy
xexf —i(r1+ 1o+ kT1+(N—1)kT)]
" X[11(Go— Gy(0))+1,(G2~ GA(0))],
(2.28
where
o =Bl (dy—dy 1)°~1]
+i(dy—dp_ ) (T4 72) — By ri7o;
N=n=n,—n;+1=1; n;=0, Os7 <o,
(2.29
n,=N—-1, 0=s7,<w;
n;=1, 0Osn<T; <N-2, Os7,<

here we used Eq92.22, (2.23, and (2.8). Note for the
subtraction procedure one has that witger 0, the function
b, By—.

The formula(2.28 can be rewritten in the form which is
more convenient for application

dw_

a

— —i(r+ Tt
77_(IUREJ'O d’7'2 0 dTl eXF[ I(Tl T2 KTJ_)]

N—1
x[ Zl exd —i(n— 1) kTIR(7y,72)[HT— 1)
+H(T— 1)+ (N—N—1)H(T— 7)) H(T—75)]

+exq—i(N—1)?T]RN(Tl,TZ)], (2.30
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where

G2(0)).
(2.3)

Rn(71,72) =1 1(Gp—G(0))+1 (G~

For one plate l=1) we haven,=n,=0, n=1 and

b G (0)=i(71+ 7).

(2.32

In the integral(2.28 we rotate the integration contours over
71, T, on the angle— /2 and substitute variables; ,
— —iX;,. Then we carry out change of variables=x;
+X5, Xo=2zX. We have

Gfl:i(71+72)_ T1T2,

1
dwit

PHYSICAL REVIEW D60 076001

Here the integration by parts is carried out in the term,
first over x and then overz in the term containing 1
+xZ1—-2)]. The expressiol2.33 was derived irf7], Sec. 5
(see also references thereimith allowance for the correc-
tion termv(g) [see Eq(2.13)].

We handle now the case when a target consists of two
plates N=2). Since the formation length is long enough for
the soft photons¢<<¢) only, we consider the term with,
in (2.29 as far asr;=w?/e?<1. For the caseN=2) the
sum in Eq.(2.28 consists of three termél) n;=n,=0; (2)
n;=n,=1; (3) ny=0,n,=1. For the two firsn=1 and we
have, from Eq(2.32,

dwiZ)
do

2
_ dwh)
do

a oo
- - r
do 7o COSKTlfo exp —x)dx :_2 {exq—lle)j drzf exp(—i(71+ 7))
o [ PR R P A |
ri|l————=|+ry| 1————| |dz
ol \7 gx2)) P 9%(x,2) 1 1
X 5~ - S|d7i|. (2.39
ab 0 (Tl+7'2) (Tl+72+|7'17'2/b)
=%cos:(:<T1)j0 exp(—bx)
X rlpl( \/g +r2F2( \ﬁ” For the third termn=2, d,=2« [see Eq.(2.18] and we
4 4 have
X
9(x,2)=1+2(1-2), I iT 2 iT
GZ =iT+I 1+F (Tl+7'2)_5 1+% T1To
In(u+\1+u?) iT T1T2
Fl(U)—l—u— m, (233) —|(T+Tl+7'2)— 7'17'2+ b (Tl+7'2)— b |’
1+ (2.35
U)=— In(UnL Vi+u?)—1.
P uyl+ so that
de)zré ar2 L — * *
=——Reg exp(—i(«T+ KTl))f dle exp(— (X1 +X5))
do 7o 0 0
X ! ! d (2.36
i 2 iT x| 12 |9 '
(IT+X1+X2) |T+X1+X2+ BX1X2+F X1+X2+_:t)2)
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Here we rotate the integration contours ovgr 7, on the b&?
angle — /2 and substitute variableg ,— —ix ,. f1(8)=(1+Db)In(1+6)+ ;= (In(b)+C—1)
In the case of the weak multiple scattering>(1) ne-

glecting the effect of the polarization of a medium=f1) In(1+6)
and expanding the integrand in Eq2.34) and (2.36) over 1+s )
1/b we have, for the probability of radiation,
dw?  dw® dw?  2ar, 3 1 fz(5)=ln<—)—1—c+b
= = T b(1+ 6)2
do 2 do | de  3mab|- 10b+bG(T)} (1+9)
2
In(— +1—C}
, [~ x%exp(—x) 3x? b(1+6)
G(T)=T f — || 1=
0 (X?+T?)? 10T? )
—m[(1+25)(ln(b6)+C)+In(1+5)—5]
T_4 x|\ 2x . T4 X
xXcog T— arctanf +?sm - arctanf . .\ bs ] bo(1+ d) (2.4
(1+6)(2+ ) 2+6 '

(2.37
When the formation length is much larger than the target
If the distance between plates is small€1) we have thickness as a wholeTb, |§]<1), one can decompose
the functionsf () andf,(4) into the Taylor series oves.
Retaining the main terms of the expansion we find for the
(2.38  probability of radiation

3 ’ 1 19
G(T)Z—E'FJ.ZT In?—C—Z‘ .

In the opposite caseTé>1) one can obtain asymptotic ex- dw®  ar, 2
pansion ofG(T) using the method of stationary phasémi- dJo 7ol AT b) |n5 +1-C|—2|cog2«Ty).
lar method was used in derivation of the Stirling formula (2.42)

In the opposite case<T<1 (]|§|>1) neglecting the effect
of the polarization of a medium«(T;<1) we have

6= — S(T 4 arctars
=——7—7CO0 — 4 arctal
(9+T?)? i

48T

+ m . (239 dVngr) ary

do 7o

) 4
sm<T—4 arctanf (2.43

T
(1+2b)(InE+1—C) -2/

Note that the main term of the decomposition in Ejj37 is  Note that whenT=1 the probability(2.43 is within loga-
the Bethe-Heitler probability of radiation from two plates rithmic accuracy doubled probability of radiation from one
which is independent of the distance between plates. Thigjate with the thicknesk:

means that in the case considered we have independent ra-

diation from each plate without interference in the main or- dvvglr) ar, 1
der over 1b. The interference effects appear only in the next o~ 7ol (112D INp+1- C) —2} (2.44
orders over 1.
. ; 2
In the case of the strong multiple scattering<(1, p The case of the strong multiple scatterirmg<(1) for the

>1) we consider first the transition region frof<b (the  yhoton energies where the vallies1 is of special interest.
formation length is much longer than the distance betweely, ihis case we can neglect the polarization of a medium
plates to T>b (at smallT,T<1). We introduce parameter — %=1 and disregard the terms<T. in the exponent of the
5=iT/b, then assumingp<1,T<1 we obtain =2 9 T poner
expressiong2.34) and (2.36 since T;<1. In the integral
over 7 in Eq. (2.34) we add and subtract the contribution of
dwiZh dw ar, . the interval T< 7;<o. The sum gives Eq(2.33, i.e., the
o~ do 7o REeXp—ixTy)f ()], radiation from one plate, and in the difference the main con-
tribution gives regionr,~1 so that one can disregard the
second terms in the square brackets in EZ84) and(2.36).

dwiZ ar .
br3:Tr_LjRe[qu_2i KT H(5)], (2.40  We obtain as a result

dw
2 2 2 2 2
) o ol duf?auf

where dw dw dw do do ’
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(2.495

) o 1 )
ReF(T): J;) defT dTl—)zqu_l(Tl‘F 7'2))

(rit 7

edr .
—exp—i7)(7=T)
TT

—[ci(T)+Tsi(T)+cosT],

4
dwfy

o

do _mal

e[ exp(—ixTy)

PHYSICAL REVIEW D60 076001

where sig) is the integral sine and dj is the integral co-
sine. AtT>1 we have

(2.46

We carried out the analysis of casBis=1,2 using Eg.
(2.28. We illustrate an application of E¢2.30 for the case
N=4:

2Fdrzrdn exp —i(7,+ 7o) J[Ry+exp —ikT)Ry+exp — 2i kT)R;]
0 0

T T — — [~ *
+f def dTl exq_i(Tl'f' T2)][2R1+exrx—iKT)R2]+qu_i3KT)f def dTl exr{—i(rl-i— 72)]R4:|}.
0 0 0 0

We consider now the case of lare(N=3). If the for-

mation length of the bremsstrahlung is shorter than the dis-

tance between plate3 & 1) the interference of the radiation

from neighboring plates takes place. Using the probability of

radiation from two plate2.37 we obtain, in the case of
weak multiple scatteringb>1),

dwg;l) s Nar2
do 3wwb

3
10b

Nb

+2

G(T)}, (2.48

where forT>1 the functionG(T) is defined in Eq(2.37). In
the case of strong multiple scattering<¢1) and largeT we
have[compare with Eqs(2.45 and (2.46)]

|

dw
In the opposite limiting casey|<1, (7°=6) N|p|<1
[see Eqs(2.20 and(2.21)], i.e., when the formation length

1
dwﬁ,r)
dw

N ar, N—1 cosT
wob Nb T2

) . (249

(2.47)
|
- | i
ng=nT2\igoty, by=\ibT=——==-,
o\ig
sinhwt
n— 7 ,
(2.50
by i oy -
B“_)sinhvt_ ssinhpt  9n~ On-1—COS vt;

i
G, '— ;[Sinhvt'f‘ v(r1+ mp)coshut+ v2 7y mosinhut],

Wherev=2\/a (se€[ 7], Sec. 2. The four regions contribute
into the sum and integrals oveg, 7, in EQ. (2.28), see also
Eqg. (2.30.

(1) The first region G=7,<©, 0<7,<T (7y—ty, nT
—t,), so we have in this region

of the bremsstrahlung is longer than the radiator thickness,

the radiation act takes place on a target as a whole. In this

case, as it follows from Eq2.21), the parameteb dimin-
ishesN times (the valuepg increasesd\ timeg. The analysis

14

Gn—>—IN1, = (sinhvt2+ thCOSthz) '

Ny

of the case of two plates conducted above in detail suppori@here we take into account thall = 7<1.

this result. In the limiting case of strong multiple scattering
(b<1) one can see this from E(R.42.
In the case|y|<1 (the formation length of the brems-

strahlung is longer than a distance between plates as before

and largeN (including the case whefN|z|>1) one can

substitute the summation oveiby integration in the expres-
sion for the probability of radiation(2.28. Using Egs.

(2.19—(2.22 we have

(2) In the second regionQ 7, 7<T (NT—t,—t;=1)

Gn—>—iN2, szm.

(3) The third region gives the same contribution after sub-
Stitution T1$7 T, tlHtZ'
(4) In the fourth region 6= 7y, 7p<e (71 =17 7)
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G,— — 1Ny, , 1 2w |y Ingy
=—=— " |[1—-——=—
Pe b a Liag In(asz2/\¢)
N . T (1+ nTe )
4 (14 12tyt,)sinhuNT+ p(ty + ty)coshuN T 7 2In(ag/Ne))”
Substituting these expressions into E2j28 we arrive at the o= ——% =S 3.3
formula (2.11) of [8] which describes radiation on the plate To(1+p2) Te(1+Te)
of the thicknesSNT (in units of the formation length This
case was analyzed in detail i]. It is shown in[8] [Sec. IIl, see discussion after E.6)] that

wip=4wy (in [8] the notationw, was used instead aby,).
Naturally, o <w:/T., and whenw=w./T; one hasT,
=1, I;=14. It is seen from Eq(3.3) that when the valué;
decreases, the region of applicability of results of this paper

We investigate the behavior of the spectral distributiongrows. . _
w(dw/dw) using as an example the case of two plates with SO, whenw<wy, the formation length is longer than the
the thicknes$,; and the distance between plates: |, which  thickness of the platé, and the coherent effects depending
was analyzed in detail in the previous section. For plate®n the distance between platgsurn on. For the description
with the thicknesd;=0.2%L,4 and in the energy interval ©f these effects foif=(1+1,/1,)T,=1 one can use Eq.
w>wy,, in which the effects of the polarization of a medium (2.495. ForT=m>1 one can use the asymptotic expansion

can be discarded, the conditid@.?) is satisfied only for (2.46 and it is seen that al=m the spectral curve has
enough h|gh energy, when the characteristic energy minimum. Let us note an accuracy of formulas is better when

o decreases, and the description is more accurateTfor
>T, (1,>19).
167Z%a? ) ag With further decreasing of the photon enefgyhe value
Wem T 2 7 Naln~— (31 T diminishes and the spectral curve grows ufitit 1. When
T<1 the spectral curve decreaseb T according with the
second formula of Eq(2.44). So, the spectral curve has
wheren, is the number density of atoms in the medium, ismaximum forT~1. The mentioned decreasing continues un-
such thato,<w.. We study the situation when the LPM til the photon energw for which (1+2/b) T~ 1. For smaller
suppression of the intensity of radiation takes place for relaw the thickness of the target is shorter than the formation
tively soft energies of photons<w <e. length. In this case the first EQR.44) is valid which is in-
We consider first the hard photoag<w<e. In this in-  dependent of the valué.
terval of v the formation length, (2.2 is much shorter than The next characteristic region of the photon energies is
the plate thicknesk; (T;>1), the radiation intensity is the <= w, where the polarization of a medium is manifest itself.
incoherent sum of radiation from two plates and it is inde-For w~w§|1< wp one haskT;~1 and for the bremsstrah-
pendent of the distance between plates. In this interval thking contribution instead of Eq2.44) we have to use Egs.
Bethe-Heitler formula is valid. (2.42 and (2.43 which include the interference of the
For w=w, the LPM effect turns on, but when=w, the  bremsstrahlung on the plate boundaries. However, in this
thickness of plate is still larger than the formation lentgh region the transition radiation gives the main contribution.
(the opposite case will be considered in the end of the sec- The spectral probability of transition radiation in the ra-
tion) diator consisting oN thin plates of the thickneds separated
by equal distances was discussed in many papers, see, e.g.,
[3]. It has the form

Ill. A QUALITATIVE ANALYSIS OF THE RADIATION
IN THE STRUCTURED TARGET

s _q -2y 3.2
lo(w¢) e ¢ Lrad , 32 dwg\‘) 4a (= ydy Ké 2
= 2 Pn(y), (39

. - o do 7o Jo (1+y)%| (1+x5+Y)
so that the formation of radiation takes place mainly inside
each of the plates. Witlw decreasing we get over to the | b (e
region where the formation length>1,, but effects of the
polarization of a medium are still weak( w,). Within this i 2(No/?2
interval (for < wy;,) the main conditior(2.6) is fulfilled. To P\ (y)=Ssi $1 SIM{Nele) (Ne/2) , (3.5
estimate the value,, we have to take into account the char- 2 sirt(el2)

acteristic radiation angle[spg in Eqg. (2.6)], connected with

mean square angle of the multiple scattering. Using Egherey=92y?, ¢ is the angle of emission with respect ve-
(2.14 and the definition of the parametbr=1/(4qT,) in locity of the incident electrofiwe assume normal incidence
Eq. (2.195 we find and
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ol i.e., as the values of the functidf, as well as the positions
1= ——(1+ K§+y)le(K+ Y), of the maximums of, are independent of the distance be-
2y tween plates in the wide intervij=1,.
Now we perform similar analysis for arbitrafy. In the

ol ol regiony<2/(NT)>1 one has
(p=—2(l+y)+—2K02T(l+y)+KTl.
2y 2y

NKT
(3.6 Dy=siP ot

2 )

The formula(3.4) can be derived directly from E@2.25) if

one gets over to thp-representation, make and in the intervak>y>2/T the phasep varies fast and the

function

sif(Ne/2)
sirt(¢/2)

then one substitutes the real part of the double integral ovel,, pe substituted by its mean valNeIn this interval®,
time by one-half of the modulus squared of the single inte-_ Sif(xT/2). In the intermediate region PAvy

H H 2 __ 2A— 2 __
gral. After substitutionp®=y, d“p==dp“=mdy we pass - /NT) the phases, and ¢ are approximately equal and

| anleel. pioyz=". L exp—ig) e Zig)+ .-

to Eq.(3.4). B the functiondy=sirf(N¢/2) oscillates fast and can be sub-
In the caseN=2 one has stituted by its mean value 1/2. Taking this result into account
we find, performing the integration ovegr
., P1 ¢
®,(y)=4sirf—cog~. (3.7 X
2 2 = ydy [k—1 xdy
FN:J 2\ kty (DN(y):J’ T(DN(Y)
In the integral in Eq.(3.4) for y<2/T>1 the function®, 0 (1+y) 1
=sir’ T, and in the intervalkk=y>2/T we can substitute NkT, 2 1 KTy «T
cog¢l2 by its mean value 1/2. As a result we have within =sir? 5 InN—T+ Eln N+N sinlen7.
logarithmic accuracy
(3.12
» ydy K\ «dy
Fzzf Y 5 > <I>2(y)=f —d,(y) It follows from this formula that positions of the minimums
0 (1+y)°\ (1+kpty) 1y in the pointsw= w3, are independent df,, while the mini-

mums in the pointsv= w1y are disappearing when the
. 2 o kTy kT . .
=sir? kTyIn=+2 sif—=In— 9(«T—1). (3.899  VvalueNincreases and for enough lariyehe functionFy has
T 2 2 maximums in this points. The cadé&>1 was considered in
detail in our recent papéd.4].

. . . . ~ 2 _
The functionF, vanishes in the point&T;=«gT,=2mn, We will discuss now the results of numerical calculations
the corresponding photon energies are given in Figs. 1 and 2. The formul42.34), (2.36 and(3.4),
5 5 (3.5 were used, respectively. The spectral curves of energy
woli o T, o i i
P N et S I S loss were obtained for the case of two gold plates with the
V" 470 n’ Y 27w, = thickness 1,=11.5 um with different gapsl, between

(3.9 plates. The initial energy of electrons is 25 GeV. The char-

) ) o acteristic parameters for this case are
In the pointskT,= m(2n+ 1) the functionF, has minimums

which depend on the distance between plases we=240 MeV, T.=209, b 1=33,
2wq 0p=80 MeV, w,=3.9 MeV, ;=30 keV,
®n+1)= 5o (3.13
T [L+1,
kT kTq | 1 I —=k= =
F,=2In—=21In L ]=2In{n+Z|m— , T, k Iq 35,7911
2 2 1 2) 1y

At ©>80 MeV the radiation process occurs independently
I=11+15. (3.10  from each plate according with theory of the LPM efff&}L
The interference pattern appearseat:80 MeV where the
The functionF, has maximums in the points where &y formation length is longer than the thickness of one plate and

=1[«Ty=m(m+1/2)] and in these points the radiation process depends on the distance between plates
T. According to Egs.(2.46), (2.48 the curves 1-5 have
(m) — 40 F.=In (3.11) minimums atw= 7w, /K (T= ) which are outside of Fig.
2m+1’ 2 ' ' 1 and will be discussed below. In accord with the above
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2.0 T T T TTTT] T T T TTTT] the transition radiation dominates. The spectral curves for the
transition radiation in Fig. 2 increase fas<0.2 MeV as

Gold, 25 GeV . (kT1)?In2/T (kT,;<1) according to Eq(3.8) and attain the
two segments 0.35% X,

maximal value atw®?=4w,;=0.12 MeV [see Eq.(3.11)].

The height of the spectral curves at this point within the
logarithmic accuracy is independent ©fand roughly the
same for all the curves. The minimums of the spectral curves
are disposed aw(;)=2w,=0.06 MeV according to Eq.
(3.10 from which it follows that in this point for largeF the
spectral curve is higher. The next maximum is situated in
oM=40,/3=0.04 MeV. At w;=w;=0.03 MeV the
spectral curves have the absolute minimum according to Eq.
(3.8). At further decrease ab the higher harmonics appear:
maximum at the pointy(®?)=4w,/5=0.024 MeV, the mini-
mum atw3)=2w,/3=0.02 MeV, etc.

The approach developed in this paper is applicable in the
interval of photon energies where effects of the polarization
1.0 L1l 10 1l of a medium are essential. It includes also the soft part of the
Photon :nergy © (Mev) 10 LPM effect. For the case given in Fig. 1 our results are given

up t0 wmax—20 MeV. On the other hand, ifl3] the hard

FIG. 1. The energy losses spectrdeydw in units 2o/, inthe  part of the LPM effect spectrum was analyzed where one can
target consisting of two gold plates with thicknégs 11.5 wm for neglect the effects of the polarization of a mediura (
the initial electrons energg =25 GeV. Curve 1 is for distance >5 MeV for the mentioned cageAlthough in our paper
between plates,=2I,; curve 2 is for distance between platgs  and in[13] the different methods are used, the results ob-
=4ly; curve 3 is for distance between platgs=6l,; curve 4 is for  tained in overlapping regions are in a quite reasonable agree-
distance between platés=8l,; curve 5 is for distance between meant among themselves.
platesl;=101;. It is interesting to discuss behavior of the spectral curves

, o ) obtained in[13] from the point of view of our results. We
analysis the s_pectral curves in Fig. 1 have the maximums gt cider the low valug, (T, is not very largg and a situa-
photon energies)= wy /k (T=1). These valuesin MeV) 5y \when corrections to the valuein Eq. (3.3 which ne-
are v=27,16,11,9,7 for curves 1,2,3,4,5, respectively. Atgected in[13] are less than 20%. This leads to the difference
further decrease oi(T) the spectral curves diminish ac- j, yegyits less than 10%. We concentrate on the case of gold
cording to Eq.(2.44 and attain the minimum abmin  target with the total thickneshll;=0.7% L,.q. The case
=wth_/(k(l+2/b))(T(1+2/b)=1). The corresponding val- =1 \where T.=5.8 b 1=7.3, 0.=240 MeV, oy,
ues(in MeV) are w=3.5,2,1.4,1.2 for curves 1,2,3,4. The =4, /[T(1+T,)]=24 MeV is considered in detail in our
least value otwpyi;=1 MeV has the curve 5. However, one ,ne 8] The curves in figures i3] are normalized on the

. 2_ A2
has to take into account that a<1.5 MeV (ko=P;  Bethe-Heitler probability of radiation, i.e., they measured in
=2/b) the contribution of the transition radiation becomesunitSarzTC/(3w). In the region where our results are appli-

significant. Starting fromw=0.6 MeV the contribution of  caple w< w,,~24 MeV in Fig. 2 G=0) of [13] one can

see plateau the ordinate of which is 10% less than calculated
according to Eq(2.33. The case of two platesT{=b"!

=3, w,;=240 MeV, wp=w./T.=80 MeV) is given in

Fig. 3 of[13]. The lengths of the gaps are the same as in our
Fig. 1, excepk=9. The positions and ordinates of the mini-
mums and the maximums in the characteristic points (
=y /K for minimums ande=w,/k (T=1) for maxi-
mums, see aboyas well as behavior of the spectral curves
is described quite satisfactory by our formuleee, e.g.,
asymptotic Eqs(2.42—(2.46)].

In the case of four platesT(=b =15 wn=w./T,
=160 MeV, Fig. 4 of[13]) the valueb is not small enough
and we can do the qualitative analysis only. The curves in
) v . . . . . this figure correspond to the valuks- 3,5,9,13 according to
0.02 0.03 0.05  0.07 0.1 0.15 0.2 Egs. (2.42—(2.46, (2.49. For k=13 we have from
(2.46): the first maximum is ab~ w;,/k=12 MeV, the first
minimum is atw~ o, /k=40 MeV, the next maximum is

FIG. 2. The same as in Fig. E(w)=ds/dw in the soft part of at w~2mwy/k=80 MeV, the next minimum is atw
the spectrum where transition radiation contributes only. ~37wy/k=115 MeV, but it is rather obscure because of

Energy losses de/dw

o

E{w)

14¢

12¢

10

photon energy o (MeV)
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0.1 1
APPENDIX
0 /\ A Apa

VA Add We start calculation of,(p’,p) (2.16 with lower terms
\/ n=2,3. Direct application of formula of the type E®.15
-0.1p ] can be written in the form
-0.2 ;o b b 2402 (o d 200’
gn(p ,p)—w_dnex d_n[(p +p )( n n—l) pp ] )
-0.3ks . . T (A1)
0.01 0.1 1 10. 100.
. wheredl,dz,dg are giyen py Eq§2.18). For arbitraryn we
will use the mathematical induction method. Let E41) be
FIG. 3. The functionG(T) (2.37. valid for n; then for n+1 we have, from the definition
(2.16),
the large value o = 3. The accordance of these estimates b\21 b
of the characteristic points with the curve in the figure is Unsa(p'p)= _) _f exp[ — —[(p'2+pd
quite satisfactory. ) dq dn

Let us note in conclusion that for observation of the in-
terference pattern at large valugsvhich is described by Eq. X (dn—dnl)—zpnp']]
(2.37 (see Fig. 3 one needs to use very thin platgly
=al,,q/(27b)]. Since the interference manifests itself in the > _ —5)2—ip2T1d? A2
terms «1/b only, the valueb should not be very large. It exXH ~b(Pn=p)"ipaTId Py (A2)

seems at first sight that in this situation one can use the lighty,o integral here is of the type E(2.15; so we have
elements, e.g., lithium, for which the radiation lengith is ’

large. However, these elements have low charge of nu@eus b b a?

and low density and because of this the LPM effect beginsat  g,.1(p’,p)= e —ex;{ 7 )

w<w, which is close tow,= wgy wWhere effects of the po- mdn Bn1 Bn+1

larization of a medium are essential. So, one can expect that b

the optimal situation will be for elements in the middle of the X exp{ — g (G dy_1)p'%- bpz},
periodic table of the elements. For example, e one has n

L;2q=2.30 cm, wy=44 eV, and at energy=25 GeV, (A3)

w.=34 MeV, oyn=bw.=100 MeV, w,=2.2 MeV. Tak-

ing b=3 we havel;=8.9 um, w;=6.95 keV. In this situ- Where

ation there is rather a wide interval of photon energigs d—d

<w<wy, Where the interference can be observed. Bn+1:b(”—”1+2a_ 1)'
If one wants to observe the interference patterf)G dy

given by Fig. 3 in the wide interval ofT: T, <T

<Thmax Tmin<l, Thae1, then one has to take into ac- 5 ) p'?  pp’ 5
count thatw= w;,T;= wy T/k (k=1+1,/1,). In this situa- a,=4b ?+2d—+p :
tion one has n "
In order that formuldAl) will be valid for n+ 1 the follow-
Tmax®th ing equalities have to be fulfillethey obtained from com-
Omax= T | oth,  K>Thax parison of expressions Eq#1) and (A3) at corresponding

combinations of momenta

T inWth Wih _ 2_
Omin= mll: >wp, k<w_Tmin- Bn+l_d_ndn+l’ di=1+d, 1dy11,

(3.19

dpy1=2ad,—dy-q. (A4)

Acceptable parameters ar€max~10, Ti,~1/5. For T We consider the recursion relation somewhat more general
>10 the amplitude of oscillation is very small, while fdr  than the last relatiofiA4):

=0.2 we have very distinct first maximum. So we hdve

=|,/l,=10 for the case considered. Dp+1=aD,—b?D,_,, (AB)
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with the initial conditionsD,=a, Dz=a%—b2 We will

find the explicit form ofD,, using Okunev’'s method. The
quadratic equatioz®—az+b?=0 has the roots

2
\/az—bz. (AB)

Substituting these roots into EGA5) we can write

a
~—A A=

_24A
2 0A, .

212

22:

Dn+1=(23+2,)Dy—2;2,D . (A7)
From this relation we have
Dns1~2Dp=2y(Dy=2Dy_1)="-- =23 %(D3~2D)),
Dn+1—2,Dp=2(Dy—2,Dp—y)
=...=Z1"3(D3~2,D,). (A8)

Multiplying the first relation byz, and the second relation by
z, and subtracting one from another we obtain

PHYSICAL REVIEW D 60 076001

1[/a n-1 a
D1 ﬂ §+A a’—b%—a E_A
a n-1 a
[ I 2_ph2_45| —
5 A a“—b°—a 2+A) }
1 a n+1 a n+1
:ﬂ §+A - E_A y (Ag)

where A is defined in Eq.A6). If a=2a, b=1 we have
from the last formula Eq(2.17). The second recursion rela-
tion of EqQ.(A4) is also satisfied by Eq2.17).

Note thatn-lines determinant

a b o0

b a b 0 0

0 b a 00
Dni1=

0 0O a b

0 0O b a

gives the recursion relatiofA5) and so Eq(A9) gives the
value of this determinant.
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