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Landau-Pomeranchuk-Migdal effect and transition radiation in structured targets

V. N. Baier and V. M. Katkov
Budker Institute of Nuclear Physics, 630090 Novosibirsk, Russia

~Received 23 February 1999; published 23 August 1999!

The radiation from high-energy electrons is investigated for the case when a target consists of several
separated plates. The spectrum of radiation is considered in the region in which the bremsstrahlung is under the
influence of the multiple scattering of a projectile~the LPM effect!; the polarization of a medium and the hard
part of the boundary radiation contribute. In this region the general expression for the radiation spectrum is
obtained for theN-plate target. A qualitative description of the arising interference pattern is given.
@S0556-2821~99!04813-4#

PACS number~s!: 41.60.2m, 11.80.Fv, 13.40.2f
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I. INTRODUCTION

The process of bremsstrahlung from high-energy elec
occurs over a rather long distance, known as the forma
length. If the formation length of the bremsstrahlung b
comes comparable to the distance over which a mean a
of multiple scattering becomes comparable with a charac
istic angle of radiation, the bremsstrahlung will be su
pressed ~the Landau-Pomeranchuk-Migdal~LPM! effect
@1,2#!. An influence of polarization of a medium on radiatio
process leads also to suppression of the soft photon emis
~Ter-Mikaelian effect, see in@3#!.

A very successful series of experiments@4–6# was per-
formed at SLAC during recent years. In these experime
the cross section of the bremsstrahlung of soft photons w
energy from 200 keV to 500 MeV from electrons with ene
gies 8 GeV and 25 GeV is measured with an accuracy of
order of a few percent. Both the LPM effect, and dielect
suppression~the effects of the polarization of a medium!
were observed and investigated. These experiments we
challenge for theory since in all the previous papers calc
tions ~cited in @7#! were performed to logarithmic accurac
which is not enough for a description of the new experime

Very recently authors developed a new approach to
theory of the LPM effect@7# in which the cross section of th
bremsstrahlung process in the photon energies region w
the influence of the LPM is very strong was calculated w
a term}1/L, whereL is characteristic logarithm of the prob
lem, and with the Coulomb corrections taken into account
the photon energy region, where the LPM effect is ‘‘turn
off,’’ the obtained cross section gives the exact Bethe-Hei
cross section~within power accuracy! with the Coulomb cor-
rections. This important feature was absent in the previ
calculations. The polarization of a medium is incorpora
into this approach. The considerable contribution into
soft part of the measured spectrum of radiation gives a p
ton emission on the boundaries of a target. In@7# we inves-
tigated the case when a target is much thicker or much t
ner than the formation length of the radiation. A target of
intermediate thickness was studied in paper@8#. In the last
paper we derived general expression for the spectral p
ability of radiation in a thin target and in a target of interm
diate thickness in which the multiple scattering, the polari
tion of a medium and radiation on the boundaries of a tar
0556-2821/99/60~7!/076001~12!/$15.00 60 0760
n
n
-
le
r-
-

ion

ts
th

e

a
-

t.
e

re

n

r

s
d
e
o-

n-
n

b-

-
et

are taken into account. In@9# the effect of multiphoton emis-
sion from a single electron was studied, this effect is ve
essential for understanding data@4–6#. The LPM effect was
recently under active investigation, see, e.g.,@10,11# and re-
view @12#.

In papers@7,8# the target is considered as a homogene
plate. A radiator which consists of a set of thin plates is
great interest.

The radiation from several plates for the relatively ha
part of the spectrum in which the bremsstrahlung in the c
dition of the strong LPM effect dominates was investigat
recently in@13#. A rather curious interference pattern in th
spectrum of the radiation was found which depends o
number~and a thickness! of plates and the distance betwee
plates. In this part of the spectrum one can neglect the eff
of the polarization of a medium.

In the present paper the probability of radiation in a
diator consisting ofN plates is calculated. The transition ra
diation dominates in the soft part of the considered spectr
while the bremsstrahlung under influence of the strong LP
effect dominates in the hard part. The intermediate region
the photon energies where contributions of the both m
tioned mechanisms are of the same order is of evident in
est. We consider this region in detail. In this region effects
the polarization of the medium are essential. The numer
calculation was performed for the radiator of two gold pla
with thicknessl 150.35% Lrad ,Lrad is the radiation length,
~the same object was considered in@13#!. The interference
pattern depending on the distance between plates was
lyzed in the intermediate region. An another interference p
tern was found in the soft part of the spectrum where
transition radiation contributes only.

II. RADIATION FROM STRUCTURED TARGET

With allowance for the multiple scattering and the pola
ization of a medium we have for the spectral distribution
the probability of radiation@see Eq.~4.4! of @7#, and Eq.
~2.1! of @8##

dw

dv
5

4a

v
ReE

2`

`

dt2E
2`

t2
dt1 expS 2 i E

t1

t2
m~ t !dtD

3^0ur 1S~ t2 ,t1!1r 2pS~ t2 ,t1!pu0&, ~2.1!
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where

m~ t !511k0
2g~ t !, t5

l

l 0
, l 05

2««8

vm2
,

r 15
v2

«2
, r 2511

«82

«2
, k05

vp

v
, ~2.2!

vp5gv0 , g5
«

m
, v0

25
4pan

m
.

Here« is the energy of the initial electron,v is the energy of
radiated photon,«85«2v, n is the density of electrons in
medium,l is the length of the trajectory of a particle, and t
function g(t) describes change of the density of a mediu
on the trajectory. The mean value in Eq.~2.1! is taken over
states with definite value of the two-dimensional operato%
~see@7#, Sec. 2!. The propagator of electron has a form

S~ t2 ,t1!5T expF2 i E
t1

t2H~ t !dtG , ~2.3!

where the HamiltonianH(t) is

H~ t !5p22 iV~%!g~ t !, p52 i“% ,

V~%!5Q%2S L11 ln
4

%2
22CD ,

Q5
2pZ2a2««8n

m4v
,

~2.4!

L15 ln
as2

2

lc
2

,
as2

lc
5183Z21/3e2 f ,

f 5 f ~Za!5~Za!2(
k51

`
1

k„k21~Za!2
…

,

where C50.577216 . . . is Euler’s constant. The contribu
tion of scattering of a projectile on the atomic electrons m
be incorporated into the effective potentialV(%). The sum-
mary potential including both an elastic and an inelastic s
tering is

V~%!1Ve~%!52Qe f%
2S ln

lc
2

ae f
2

1 ln
%2

4
12CD , ~2.5!

where

Qe f5QS 11
1

ZD , ae f5as2 expF1.881 f ~Za!

11Z G .
In Eq. ~2.1! it is implied that the subtraction is made atV
50, k51.

In @8# the target was one plate of an arbitrary thicknessl 1
07600
y

t-

g~ t !5q~ t !q~T12t !, T15 l 1 / l 0 .

Here we consider the case when the target consists o
identical plates of thicknessl 1 with the equal gapsl 2 be-
tween them. The casel 1! l c will be analyzed wherel c is the
characteristic formation length of radiation in the absence
matter (k050):

l c5
l 0

11g2qc
2

5
l 0

11pc
2

,
l 1

l c
5~11pc

2!T1!1, ~2.6!

whereqc is the characteristic angle of radiation.
In @7# ~Sec. 5! we obtained the following expression fo

the operatorS(t2 ,t1):

S~ t2 ,t1!5exp~2 iH 0t2!T

3expF2E
t1

t2
V~%12pt,t !dtGexp~ iH 0t1!,

~2.7!

whereH05p2,V(%,t)5V(%)g(t), and T means the chrono
logical product. Let us introduce the new variables

t15n1T2t1 , t25n2T1t21T1 , T5T11T2 ,

0,t1,T ~n1>1!, 0,t2,T @n2<~N21!#. ~2.8!

Substituting these variables into Eq.~2.7! we have

S~ t2 ,t1!5exp@2 iH 0~n2T1t21T1!#

3expF2E
n2T

n2T1T1
V„%12p~n2T1t!…dtG

3expF2E
(n221)T

(n221)T1T1
V„%12p@~n221!T1t#…dtG

3expF2E
n1T

n1T1T1
V„%12p~n1T1t!…dtG . . .

3exp@ iH 0~n1T1t1!#. ~2.9!

Using the equality

V~%12pnT!5exp~ iH 0nT!V~%!exp~2 iH 0nT!
~2.10!

and the condition~2.6! we obtain

S~ t2 ,t1!.exp~2 iH 0t2!exp„2V~%!T1…exp~2 iH 0T!

3exp„2V~%!T1… . . . exp~2 iH 0T!

3exp„2V~%!T1…exp~ iH 0t1!. ~2.11!

Here we neglected the term2 iH 0T1 in the exponent
@exp„2 iH 0(t21T1)…˜exp(2iH0t2)# since H0T1;pc

2T1

!1, we neglected also the term 2pt in the argument of the
functionV(%12pt) ~the term of the order 1/pc is conserved
in comparison with the term of the orderpcT1, see@7#, Sec.
5!.
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We will use below the matrix element of the form

gn~p8,p!5^p8uexp„2a~%!…exp~2 iH 0T!

3exp„2a~%!… . . . exp~2 iH 0T!exp„2a~%!…up&,

~2.12!

wherea(%)[V(%)T1, the matrix element is calculated be
tween states with definite momentum. The potentialV(%) in
Eq. ~2.4! we write in the form

V~%!5Vb~%!1v~%!, Vb~%!5q%2, q5QLb ,

Lb[L~%b!5 ln
as2

2

lc
2%b

2
, ~2.13!

v~%!52
q%2

L S ln
%2

4%b
2

12CD ,

where the parameter%b is defined by a set of equations@we
rearranged terms in Eq.~5.9! of @7##:

%b51, Lb5L1

for 4QL1T15
2p

a

l 1

Lrad
<1, q5QL1 ;

~2.14!

4QL~%b!T1%b
25

2p

a

l 1

Lrad
%b

2S 12
ln %b

2

L1
D 51,

for 4QL1T1.1,

whereL1 is defined in Eq.~2.4!. The parameter%b.1/pc is
determined by a characteristic angle of radiation~momentum
transfer!. We will calculate the matrix elementgn(p8,p) in
the first approximation neglecting correction terms conta
ing v(%). Then

V~%!.Vb~%!5q%2, g1~p8,p!5^p8uexp~2qT1%
2!up&,

5E d2%^p8u%&^%uexp~2qT1%
2!u%&^%up&

5
1

~2p!2E d2% exp@ i ~p2p8!%2qT1%
2#

5
b

p
exp@2b~p2p8!2#, ~2.15!

where b51/(4qT1). In the calculation of the expressio
~2.12! we insert the combinations of the state vecto
up1&^p1u . . . upn21&^pn21u between the operator
exp@2a(%)# and use the matrix element calculated in E
~2.15!. We have
07600
-

s

.

gn~p8,p!5S b

p D nE d2p1E d2p2 . . . E d2pn21

3exp@2b~p82p1!22 ip1
2T2b~p12p2!2

2 ip2
2T . . . 2b~pn212p!22 ipn21

2 T#

5
b

pdn
expH 2

b

dn
@~p821p2!~dn2dn21!22pp8#J ,

~2.16!

where

dn[dn~a!5
1

2Aa221
@~a1Aa221!n

2~a2Aa221!n#, a511
iT

2b
. ~2.17!

The obtained functiondn(a) is the polynomial with respec
to a of degree (n21):

d050, d151, d252a, d354a221,

d454a~2a221! . . . . ~2.18!

After substitutiona5coshh we find from Eqs.~2.17! and
~2.16!

dn5
sinhnh

sinhh
,

gn~p8,p!5
b sinhh

p sinhnh

3expH 2
b

sinhnh
@~p821p2!„sinhnh

2sinh~n21!h…22 sinhhpp8#J , ~2.19!

where

sinhh52AiqT1T~11 iqT1T!.

For the caseh!1 one has

h.2AiqT1T[2TAi q̄, q̄5q
T1

T
5q

l 1

l 11 l 2
,

gn~p8,p!.
bh

p sinhnh

3expH 2
bh

sinhnh
@~p821p2!coshnh22pp8#J .

~2.20!

For the limiting casenh!1 one has
1-3
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gn~p8,p!.
b

pn
expH 2

b

n
~p82p!2J . ~2.21!

Using the results obtained we can calculate now the m
value entering Eq.~2.1!:

^0uSn~ t2 ,t1!u0&5E d2p8E d2p^0up8&^p8uSn~ t2 ,t1!u0&

3^pu0&

5
1

~2p!2E d2p8E d2p

3exp~2 ip82t22 ip2t1!gn~p8,p!

5
b

4pdngn
,

gn5sn
22bn

21 isn~t11t2!2t1t2 ,

bn5
b

dn
, sn5bn~dn2dn21!. ~2.22!

If we use the same procedure for the second mean valu
Eq. ~2.1! we obtain

^0upSn~ t2 ,t1!pu0&5
b2

4pdn
2gn

2
. ~2.23!

We split now the spectral distribution of the probability
radiation into two parts:

dw

dv
5

dwbr

dv
1

dwtr

dv
;

dwbr

dv
5

4a

v
ReE

2`

`

dt2E
2`

t2
dt1 expS 2 i E

t1

t2
m~ t !dtD

3^0ur 1@S~ t2 ,t1!2S(0)~ t2 ,t1!#1r 2p@S~ t2 ,t1!

2S(0)~ t2 ,t1!#pu0&, ~2.24!

dwtr

dv
5

4a

v
ReE

2`

`

dt2E
2`

t2
dt1FexpS 2 i E

t1

t2
m~ t !dtD

2exp„2 i ~ t22t1!…G
3^0ur 1S(0)~ t2 ,t1!1r 2pS(0)~ t2 ,t1!pu0&,

S(0)~ t2 ,t1!5exp@2 iH 0~ t22t1!#, ~2.25!

wheredwbr /dv is the spectral distribution of the probabilit
of bremsstrahlung with allowance for the multiple scatter
and polarization of a medium,dwtr /dv is the probability of
the transition radiation obtained in the frame of quant
electrodynamics.
07600
n

in

Note that the subtraction in Eq.~2.24! has to follow the
procedure

^0uSnu0&2^0uSn~q50!u0&. ~2.26!

The integral in the exponential in Eq.~2.24! is

E
t1

t2
m~ t !dt5t11t21kT11~n21!k̄T,

k511k0
2 , k̄511k̄0

2, k̄0
25

k0
2l 1

l 11 l 2
, ~2.27!

where we used notations introduced in Eqs.~2.2! and ~2.8!.
Substituting ~2.22!, ~2.23!, ~2.26!, and ~2.27! into Eq.

~2.24! we obtain the following expression for the spectr
distribution of the probability of the bremsstrahlung with a
lowance for the multiple scattering and the polarization o
medium for theN-plate target

dwbr
(N)

dv
5

a

pv
Re (

n1 ,n250

N21 E dt2E dt1

3exp@2 i „t11t21kT11~n21!k̄T…#

3@r 1„Gn2Gn~0!…1r 2„Gn
22Gn

2~0!…#,

~2.28!

where

Gn
215bn@~dn2dn21!221#

1 i ~dn2dn21!~t11t2!2bn
21t1t2 ;

N>n5n22n111>1; n150, 0<t1,`;

~2.29!

n25N21, 0<t2,`;

n1>1, 0<t1<T; n2<N22, 0<t2<T,

here we used Eqs.~2.22!, ~2.23!, and ~2.8!. Note for the
subtraction procedure one has that whenq˜0, the function
b, bn˜`.

The formula~2.28! can be rewritten in the form which is
more convenient for application

dwbr
(N)

dv
5

a

pv
ReE

0

`

dt2E
0

`

dt1 exp@2 i ~t11t21kT1!#

3H (
n51

N21

exp@2 i ~n21!k̄T#Rn~t1 ,t2!@q~T2t1!

1q~T2t2!1~N2n21!q~T2t1!q~T2t2!#

1exp@2 i ~N21!k̄T#RN~t1 ,t2!J , ~2.30!
1-4
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where

Rn~t1 ,t2!5r 1„Gn2Gn~0!…1r 2„Gn
22Gn

2~0!….
~2.31!

For one plate (N51) we haven15n250, n51 and

G1
215 i ~t11t2!2

1

b
t1t2 , G1

21~0!5 i ~t11t2!.

~2.32!

In the integral~2.28! we rotate the integration contours ov
t1 , t2 on the angle2p/2 and substitute variablest1,2
˜2 ix1,2. Then we carry out change of variablesx5x1
1x2 , x25zx. We have

dwbr
(1)

dv
5

a

pv
coskT1E

0

`

exp~2x!dx

3E
0

1F r 1S 12
1

g~x,z! D1r 2S 12
1

g2~x,z!
D Gdz

5
ab

pv
cos~kT1!E

0

`

exp~2bx!

3F r 1F1SAx

4D 1r 2F2SAx

4D G ,

g~x,z!511
x

b
z~12z!,

F1~u!512
ln~u1A11u2!

uA11u2
, ~2.33!

F2~u!5
112u2

uA11u2
ln~u1A11u2!21.
07600
Here the integration by parts is carried out in the term}r 2
first over x and then overz in the term containing ln@1
1xz(12z)#. The expression~2.33! was derived in@7#, Sec. 5
~see also references therein! with allowance for the correc-
tion termv(%) @see Eq.~2.13!#.

We handle now the case when a target consists of
plates (N52). Since the formation length is long enough f
the soft photons (v!«) only, we consider the term withr 2
in ~2.28! as far asr 15v2/«2!1. For the case (N52) the
sum in Eq.~2.28! consists of three terms:~1! n15n250; ~2!
n15n251; ~3! n150, n251. For the two firstn51 and we
have, from Eq.~2.32!,

dwbr1
(2)

dv
5

dwbr2
(2)

dv

5
ar 2

pv
ReFexp~2 ikT1!E

0

`

dt2E
0

T

exp„2 i ~t11t2!…

3F 1

~t11t2!2
2

1

~t11t21 i t1t2 /b!2Gdt1G . ~2.34!

For the third termn52, d252a @see Eq.~2.18!# and we
have

G2
215 iT1 i S 11

iT

b D ~t11t2!2
2

b S 11
iT

2bD t1t2

5 i ~T1t11t2!2
2

b
t1t21

iT

b F i ~t11t2!2
t1t2

b G ,
~2.35!

so that
dwbr3
(2)

dv
5

ar 2

pv
ReF exp„2 i ~ k̄T1kT1!…E

0

`

dx1E
0

`

exp„2~x11x2!…

3F 1

~ iT1x11x2!2
2

1

F iT1x11x21
2

b
x1x21

iT

b S x11x21
x1x2

b D G2Gdx2G . ~2.36!
1-5
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Here we rotate the integration contours overt1 , t2 on the
angle2p/2 and substitute variablest1,2˜2 ix1,2.

In the case of the weak multiple scattering (b@1) ne-
glecting the effect of the polarization of a medium (k51)
and expanding the integrand in Eqs.~2.34! and ~2.36! over
1/b we have, for the probability of radiation,

dwbr
(2)

dv
52

dwbr1
(2)

dv
1

dwbr3
(2)

dv
.

2ar 2

3pvb F12
3

10b
1

1

b
G~T!G ,

G~T!5T2E
0

` x3exp~2x!

~x21T2!2 F S 12
3x2

10T2D
3cosS T24 arctan

x

TD1
2x

T
sinS T24 arctan

x

TD G .

~2.37!

If the distance between plates is small (T!1) we have

G~T!.2
3

10
112T2S ln

1

T
2C2

19

24D . ~2.38!

In the opposite case (T@1) one can obtain asymptotic ex
pansion ofG(T) using the method of stationary phase~simi-
lar method was used in derivation of the Stirling formula!

G~T!.
6T2

~91T2!2
cosS T24 arctan

3

TD
1

48T

~161T2!2
sinS T24 arctan

4

TD . ~2.39!

Note that the main term of the decomposition in Eq.~2.37! is
the Bethe-Heitler probability of radiation from two plate
which is independent of the distance between plates. T
means that in the case considered we have independen
diation from each plate without interference in the main
der over 1/b. The interference effects appear only in the ne
orders over 1/b.

In the case of the strong multiple scattering (b!1, pc
2

@1) we consider first the transition region fromT!b ~the
formation length is much longer than the distance betw
plates! to T@b ~at smallT,T!1). We introduce paramete
d5 iT/b, then assumingb!1,T!1 we obtain

dwbr1
(2)

dv
5

dwbr2
(2)

dv
5

ar 2

pv
Re@exp~2 ikT1! f 1~d!#,

dwbr3
(2)

dv
5

ar 2

pv
Re@exp~22ikT1! f 2~d!#, ~2.40!

where
07600
is
ra-
-
t

n

f 1~d!5~11b!ln~11d!1
bd2

11d
„ln~bd!1C21…

1bdS ln~11d!

11d
21D ,

f 2~d!5 lnS 21d

b~11d!2D 212C1b

3F lnS 21d

b~11d! D112CG
2

bd

11d
@~112d!„ln~bd!1C…1 ln~11d!2d#

1
bd

~11d!~21d!
lnS bd~11d!

21d D . ~2.41!

When the formation length is much larger than the tar
thickness as a whole (T!b, udu!1), one can decompos
the functionsf 1(d) and f 2(d) into the Taylor series overd.
Retaining the main terms of the expansion we find for
probability of radiation

dwbr
(2)

dv
.

ar 2

pv F ~11b!S ln
2

b
112CD22Gcos~2kT1!.

~2.42!

In the opposite caseb!T!1 (udu@1) neglecting the effect
of the polarization of a medium (kT1!1) we have

dwbr
(2)

dv
.

ar 2

pv F ~112b!S ln
T

b2
112CD 22G . ~2.43!

Note that whenT51 the probability~2.43! is within loga-
rithmic accuracy doubled probability of radiation from on
plate with the thicknessl 1:

dwbr
(1)

dv
.

ar 2

pv F ~112b!S ln
1

b
112CD22G . ~2.44!

The case of the strong multiple scattering (b!1) for the
photon energies where the valueT>1 is of special interest.
In this case we can neglect the polarization of a mediumk

5k̄51, and disregard the terms}kT1 in the exponent of the
expressions~2.34! and ~2.36! since T1!1. In the integral
overt1 in Eq. ~2.34! we add and subtract the contribution
the intervalT<t1,`. The sum gives Eq.~2.33!, i.e., the
radiation from one plate, and in the difference the main c
tribution gives regiont2;1 so that one can disregard th
second terms in the square brackets in Eqs.~2.34! and~2.36!.
We obtain as a result

dwbr
(2)

dv
52

dwbr1
(2)

dv
1

dwbr3
(2)

dv
.2

dwbr
(2)

dv
2

dwbr3
(2)

dv
,

1-6
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dwbr3
(2)

dv
5

ar 2

pv
F~T!, ~2.45!

ReF~T!5E
0

`

dt2E
T

`

dt1

1

~t11t2!2
exp„2 i ~t11t2!…

5E
T

` dt

t2
exp~2 i t!~t2T!

52@ci~T!1T si~T!1cosT#,
di
n
o

f

s
th

or
ng

-
fo

-

07600
where si(z) is the integral sine and ci(z) is the integral co-
sine. AtT@1 we have

F~T!52
cosT

T2
. ~2.46!

We carried out the analysis of casesN51,2 using Eq.
~2.28!. We illustrate an application of Eq.~2.30! for the case
N54:
dwbr
(4)

dv
5

a

pv
ReH exp~2 ikT1!F2E

0

`

dt2E
0

T

dt1 exp@2 i ~t11t2!#@R11exp~2 i k̄T!R21exp~22i k̄T!R3#

1E
0

T

dt2E
0

T

dt1 exp@2 i ~t11t2!#@2R11exp~2 i k̄T!R2#1exp~2 i3k̄T!E
0

`

dt2E
0

`

dt1 exp@2 i ~t11t2!#R4G J .

~2.47!
b-
We consider now the case of largeN (N>3). If the for-
mation length of the bremsstrahlung is shorter than the
tance between plates (T.1) the interference of the radiatio
from neighboring plates takes place. Using the probability
radiation from two plates~2.37! we obtain, in the case o
weak multiple scattering (b@1),

dwbr
(N)

dv
.

Nar 2

3pvb F12
3

10b
12

N21

Nb
G~T!G , ~2.48!

where forT@1 the functionG(T) is defined in Eq.~2.37!. In
the case of strong multiple scattering (b!1) and largeT we
have@compare with Eqs.~2.45! and ~2.46!#

dwbr
(N)

dv
.NS dwbr

(1)

dv
1

ar 2

pvb

N21

Nb

cosT

T2 D . ~2.49!

In the opposite limiting caseuhu!1, (h2.d) Nuhu!1
@see Eqs.~2.20! and ~2.21!#, i.e., when the formation length
of the bremsstrahlung is longer than the radiator thickne
the radiation act takes place on a target as a whole. In
case, as it follows from Eq.~2.21!, the parameterb dimin-
ishesN times~the valuepc

2 increasesN times!. The analysis
of the case of two plates conducted above in detail supp
this result. In the limiting case of strong multiple scatteri
(b!1) one can see this from Eq.~2.42!.

In the caseuhu!1 ~the formation length of the brems
strahlung is longer than a distance between plates as be!
and largeN ~including the case whenuNuhu@1) one can
substitute the summation overn by integration in the expres
sion for the probability of radiation~2.28!. Using Eqs.
~2.19!–~2.22! we have
s-

f

s,
is

ts

re

nh.nT2Ai q̄˜tn, bh.AibT5
i

2Ai q̄
5

i

n
,

dn˜
sinhnt

h
,

~2.50!

bn˜
bh

sinhnt
5

i

n sinhnt
, dn2dn21˜coshnt;

Gn
21

˜

i

n
@sinhnt1n~t11t2!coshnt1n2t1t2sinhnt#,

wheren52Ai q̄ ~see@7#, Sec. 2!. The four regions contribute
into the sum and integrals overt1 ,t2 in Eq. ~2.28!, see also
Eq. ~2.30!.

~1! The first region 0<t1,`, 0<t2<T (t1˜t1 , nT
˜t2), so we have in this region

Gn˜2 iN1 , N1.
n

~sinhnt21nt1coshnt2!
,

where we take into account thatnT5h!1.
~2! In the second region 0<t1 ,t2<T (nT˜t22t15t)

Gn˜2 iN2 , N2.
n

sinhnt
.

~3! The third region gives the same contribution after su
stitution t1↔t2 , t1↔t2.

~4! In the fourth region 0<t1 ,t2,` (t1,2˜t1,2)
1-7
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Gn˜2 iN4 ,

N4.
n

~11n2t1t2!sinhnNT1n~ t11t2!coshnNT
.

Substituting these expressions into Eq.~2.28! we arrive at the
formula ~2.11! of @8# which describes radiation on the pla
of the thicknessNT ~in units of the formation length!. This
case was analyzed in detail in@8#.

III. A QUALITATIVE ANALYSIS OF THE RADIATION
IN THE STRUCTURED TARGET

We investigate the behavior of the spectral distribut
v(dw/dv) using as an example the case of two plates w
the thicknessl 1 and the distance between platesl 2> l 1 which
was analyzed in detail in the previous section. For pla
with the thicknessl 1>0.2%Lrad and in the energy interva
v.vp , in which the effects of the polarization of a mediu
can be discarded, the condition~2.7! is satisfied only for
enough high energy«, when the characteristic energy

vc5
16pZ2a2

m2
g2na ln

as2

lc
, ~3.1!

wherena is the number density of atoms in the medium,
such thatvp!vc . We study the situation when the LPM
suppression of the intensity of radiation takes place for re
tively soft energies of photons:v<vc!«.

We consider first the hard photonsvc!v,«. In this in-
terval ofv the formation lengthl 0 ~2.2! is much shorter than
the plate thicknessl 1 (T1@1), the radiation intensity is the
incoherent sum of radiation from two plates and it is ind
pendent of the distance between plates. In this interval
Bethe-Heitler formula is valid.

For v<vc the LPM effect turns on, but whenv5vc the
thickness of plate is still larger than the formation lengthl 0
~the opposite case will be considered in the end of the s
tion!

l 1

l 0~vc!
5T1~vc![Tc.

2p

a

l 1

Lrad
.1, ~3.2!

so that the formation of radiation takes place mainly ins
each of the plates. Withv decreasing we get over to th
region where the formation lengthl c. l 1, but effects of the
polarization of a medium are still weak (v.vp). Within this
interval ~for v,v th) the main condition~2.6! is fulfilled. To
estimate the valuev th we have to take into account the cha
acteristic radiation angles@pc

2 in Eq. ~2.6!#, connected with
mean square angle of the multiple scattering. Using
~2.14! and the definition of the parameterb51/(4qT1) in
Eq. ~2.15! we find
07600
h

s

-

-
e

c-

e

.

pc
2<

1

b
5

2p

a

l 1

Lrad
S 12

ln %b

ln~as2 /lc!
D

.TcS 11
ln Tc

2 ln~as2 /lc!
D ;

v th5
vc

Tc~11pc
2!

>vb5
vc

Tc~11Tc!
. ~3.3!

It is shown in@8# @Sec. III, see discussion after Eq.~3.6!# that
v th.4vb ~in @8# the notationv2 was used instead ofvb).
Naturally, v th,vc /Tc , and whenv5vc /Tc one hasT1
51, l 15 l 0. It is seen from Eq.~3.3! that when the valuel 1
decreases, the region of applicability of results of this pa
grows.

So, whenv,v th the formation length is longer than th
thickness of the platel 1 and the coherent effects dependin
on the distance between platesl 2 turn on. For the description
of these effects forT5(11 l 2 / l 1)T1>1 one can use Eq
~2.45!. For T>p@1 one can use the asymptotic expansi
~2.46! and it is seen that atT5p the spectral curve ha
minimum. Let us note an accuracy of formulas is better wh
v decreases, and the description is more accurate foT
@T1 ( l 2@ l 1).

With further decreasing of the photon energyv the value
T diminishes and the spectral curve grows untilT;1. When
T,1 the spectral curve decreases} ln T according with the
second formula of Eq.~2.44!. So, the spectral curve ha
maximum forT;1. The mentioned decreasing continues u
til the photon energyv for which (112/b)T;1. For smaller
v the thickness of the target is shorter than the format
length. In this case the first Eq.~2.44! is valid which is in-
dependent of the valueT.

The next characteristic region of the photon energies
v<vp where the polarization of a medium is manifest itse
For v;v0

2l 1!vp one haskT1;1 and for the bremsstrah
lung contribution instead of Eq.~2.44! we have to use Eqs
~2.42! and ~2.43! which include the interference of th
bremsstrahlung on the plate boundaries. However, in
region the transition radiation gives the main contribution

The spectral probability of transition radiation in the r
diator consisting ofN thin plates of the thicknessl 1 separated
by equal distancesl 2 was discussed in many papers, see, e
@3#. It has the form

dwtr
(N)

dv
5

4a

pvE0

` ydy

~11y!2 S k0
2

~11k0
21y!

D 2

FN~y!, ~3.4!

where

FN~y!5sin2
w1

2

sin2~Nw/2!

sin2~w/2!
, ~3.5!

herey5q2g2, q is the angle of emission with respect v
locity of the incident electron~we assume normal incidence!
and
1-8
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w15
v l 1

2g2
~11k0

21y!.T1~k1y!,

w5
v l

2g2
~11y!1

v l 1

2g2
k0

2.T~11y!1kT1 .

~3.6!

The formula~3.4! can be derived directly from Eq.~2.25! if
one gets over to thep-representation, make

E d2pup&^pu, u^pu0&u25
1

~2p!2
,

then one substitutes the real part of the double integral o
time by one-half of the modulus squared of the single in
gral. After substitutionp25y, d2p5pdp25pdy we pass
to Eq. ~3.4!.

In the caseN52 one has

F2~y!54 sin2
w1

2
cos2

w

2
. ~3.7!

In the integral in Eq.~3.4! for y,2/T@1 the functionF2
.sin2 kT1 and in the intervalk>y.2/T we can substitute
cos2w/2 by its mean value 1/2. As a result we have with
logarithmic accuracy

F25E
0

` ydy

~11y!2 S k0
2

~11k0
21y!

D 2

F2~y!.E
1

k dy

y
F2~y!

.sin2 kT1 ln
2

T
12 sin2

kT1

2
ln

kT

2
q~kT21!. ~3.8!

The functionF2 vanishes in the pointskT1.k0
2T152pn,

the corresponding photon energies are

v (2n)5
v0

2l 1

4pn
[

v1

n
, v15

Tc

2p

vp
2

vc
, n51,2, . . . .

~3.9!

In the pointskT1.p(2n11) the functionF2 has minimums
which depend on the distance between platesl 2:

v (2n11).
2v1

2n11
,

F2.2 ln
kT

2
52 lnS kT1

2

l

l 1
D.2 lnF S n1

1

2Dp
l

l 1
G ,

l 5 l 11 l 2 . ~3.10!

The functionF2 has maximums in the points where sinkT1
.1@kT1.p(m11/2)# and in these points

v (m).
4v1

2m11
, F2. ln k, ~3.11!
07600
er
-

i.e., as the values of the functionF2 as well as the positions
of the maximums ofF2 are independent of the distance b
tween plates in the wide intervall 2> l 1.

Now we perform similar analysis for arbitraryN. In the
regiony,2/(NT)@1 one has

FN.sin2
NkT1

2
,

and in the intervalk.y.2/T the phasew varies fast and the
function

sin2~Nw/2!

sin2~w/2!
5u11exp~2 iw!1exp~22iw!1•••u2

can be substituted by its mean valueN. In this intervalFN
.N sin2(kT1/2). In the intermediate region 2/T.y
.2/(NT) the phasesw1 andw are approximately equal an
the functionFN.sin2(Nw/2) oscillates fast and can be su
stituted by its mean value 1/2. Taking this result into acco
we find, performing the integration overy,

FN5E
0

` ydy

~11y!2 S k21

k1yD 2

FN~y!.E
1

k dy

y
FN~y!

.sin2
NkT1

2
ln

2

NT
1

1

2
ln N1N sin2

kT1

2
ln

kT

2
.

~3.12!

It follows from this formula that positions of the minimum
in the pointsv5v (2n) are independent ofN, while the mini-
mums in the pointsv5v (2n11) are disappearing when th
valueN increases and for enough largeN the functionFN has
maximums in this points. The caseN@1 was considered in
detail in our recent paper@14#.

We will discuss now the results of numerical calculatio
given in Figs. 1 and 2. The formulas~2.34!, ~2.36! and~3.4!,
~3.5! were used, respectively. The spectral curves of ene
loss were obtained for the case of two gold plates with
thickness l 1511.5 mm with different gaps l 2 between
plates. The initial energy of electrons is 25 GeV. The ch
acteristic parameters for this case are

vc.240 MeV, Tc.2.9, b21.3.3,

v th.80 MeV, vp.3.9 MeV, v1.30 keV,
~3.13!

T

T1
[k5

l 11 l 2

l 1
53,5,7,9,11.

At v.80 MeV the radiation process occurs independen
from each plate according with theory of the LPM effect@8#.
The interference pattern appears atv,80 MeV where the
formation length is longer than the thickness of one plate
the radiation process depends on the distance between p
T. According to Eqs.~2.46!, ~2.48! the curves 1–5 have
minimums atv.pv th /k (T5p) which are outside of Fig.
1 and will be discussed below. In accord with the abo
1-9
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analysis the spectral curves in Fig. 1 have the maximum
photon energiesv.v th /k (T51). These values~in MeV!
are v.27,16,11,9,7 for curves 1,2,3,4,5, respectively.
further decrease ofv(T) the spectral curves diminish ac
cording to Eq. ~2.44! and attain the minimum atvmin
5v th /„k(112/b)…(T(112/b)51). The corresponding val
ues ~in MeV! are v.3.5,2,1.4,1.2 for curves 1,2,3,4. Th
least value ofvmin.1 MeV has the curve 5. However, on
has to take into account that atv<1.5 MeV (k0

25pc
2

.2/b) the contribution of the transition radiation becom
significant. Starting fromv<0.6 MeV the contribution of

FIG. 1. The energy losses spectrumd«/dv in units 2a/p, in the
target consisting of two gold plates with thicknessl 1511.5 mm for
the initial electrons energy«525 GeV. Curve 1 is for distance
between platesl 252l 1; curve 2 is for distance between platesl 2

54l 1; curve 3 is for distance between platesl 256l 1; curve 4 is for
distance between platesl 258l 1; curve 5 is for distance betwee
platesl 2510l 1.

FIG. 2. The same as in Fig. 1.E(v)5d«/dv in the soft part of
the spectrum where transition radiation contributes only.
07600
at

t

the transition radiation dominates. The spectral curves for
transition radiation in Fig. 2 increase forv,0.2 MeV as
(kT1)2ln 2/T (kT1!1) according to Eq.~3.8! and attain the
maximal value atv (0)54v150.12 MeV @see Eq.~3.11!#.
The height of the spectral curves at this point within t
logarithmic accuracy is independent ofT and roughly the
same for all the curves. The minimums of the spectral cur
are disposed atv (1)52v1.0.06 MeV according to Eq.
~3.10! from which it follows that in this point for largerT the
spectral curve is higher. The next maximum is situated
v (1)54v1/350.04 MeV. At v (2)5v150.03 MeV the
spectral curves have the absolute minimum according to
~3.8!. At further decrease ofv the higher harmonics appea
maximum at the pointv (2)54v1/550.024 MeV, the mini-
mum atv (3)52v1/350.02 MeV, etc.

The approach developed in this paper is applicable in
interval of photon energies where effects of the polarizat
of a medium are essential. It includes also the soft part of
LPM effect. For the case given in Fig. 1 our results are giv
up to vmax;20 MeV. On the other hand, in@13# the hard
part of the LPM effect spectrum was analyzed where one
neglect the effects of the polarization of a medium (v
.5 MeV for the mentioned case!. Although in our paper
and in @13# the different methods are used, the results o
tained in overlapping regions are in a quite reasonable ag
ment among themselves.

It is interesting to discuss behavior of the spectral cur
obtained in@13# from the point of view of our results. We
consider the low valuel 1 (Tc is not very large! and a situa-
tion when corrections to the valueb in Eq. ~3.3! which ne-
glected in@13# are less than 20%. This leads to the differen
in results less than 10%. We concentrate on the case of
target with the total thicknessNl150.7% Lrad . The case
N51 where Tc55.8, b2157.3, vc.240 MeV, v th
54vc /@Tc(11Tc)#.24 MeV is considered in detail in ou
paper@8#. The curves in figures in@13# are normalized on the
Bethe-Heitler probability of radiation, i.e., they measured
unitsar 2Tc /(3p). In the region where our results are app
cablev,v th.24 MeV in Fig. 2 (G50) of @13# one can
see plateau the ordinate of which is 10% less than calcul
according to Eq.~2.33!. The case of two plates (Tc.b21

.3, vc.240 MeV, v th.vc /Tc580 MeV) is given in
Fig. 3 of @13#. The lengths of the gaps are the same as in
Fig. 1, exceptk59. The positions and ordinates of the min
mums and the maximums in the characteristic pointsv
.pv th /k for minimums andv.v th /k (T51) for maxi-
mums, see above! as well as behavior of the spectral curv
is described quite satisfactory by our formulas@see, e.g.,
asymptotic Eqs.~2.42!–~2.46!#.

In the case of four plates (Tc.b21.1.5, v th.vc /Tc
5160 MeV, Fig. 4 of@13#! the valueb is not small enough
and we can do the qualitative analysis only. The curves
this figure correspond to the valuesk53,5,9,13 according to
Eqs. ~2.42!–~2.46!, ~2.49!. For k513 we have from
~2.46!: the first maximum is atv;v th /k.12 MeV, the first
minimum is atv;pv th /k.40 MeV, the next maximum is
at v;2pv th /k.80 MeV, the next minimum is atv
;3pv th /k.115 MeV, but it is rather obscure because
1-10
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the large value ofT53p. The accordance of these estimat
of the characteristic points with the curve in the figure
quite satisfactory.

Let us note in conclusion that for observation of the
terference pattern at large valuesb which is described by Eq
~2.37! ~see Fig. 3! one needs to use very thin plates@ l 1
5aLrad /(2pb)#. Since the interference manifests itself in t
terms }1/b only, the valueb should not be very large. I
seems at first sight that in this situation one can use the l
elements, e.g., lithium, for which the radiation lengthLrad is
large. However, these elements have low charge of nucleZ
and low density and because of this the LPM effect begin
v,vc which is close tovp5v0g where effects of the po
larization of a medium are essential. So, one can expect
the optimal situation will be for elements in the middle of t
periodic table of the elements. For example, forGe one has
Lrad52.30 cm, v0544 eV, and at energy«525 GeV,
vc534 MeV, v th5bvc5100 MeV, vp52.2 MeV. Tak-
ing b53 we havel 158.9 mm, v156.95 keV. In this situ-
ation there is rather a wide interval of photon energiesvp
,v,v th where the interference can be observed.

If one wants to observe the interference pattern G~T!
given by Fig. 3 in the wide interval ofT: Tmin<T
<Tmax, Tmin!1, Tmax@1, then one has to take into ac
count thatv5v thT15v thT/k (k511 l 2 / l 1). In this situa-
tion one has

vmax5
Tmaxv th

k
,v th , k.Tmax,

vmin5
Tminv th

k
.vp , k,

v th

vp
Tmin .

~3.14!

Acceptable parameters areTmax;10, Tmin;1/5. For T
.10 the amplitude of oscillation is very small, while forT
>0.2 we have very distinct first maximum. So we havek
. l 2 / l 1.10 for the case considered.

FIG. 3. The functionG(T) ~2.37!.
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APPENDIX

We start calculation ofgn(p8,p) ~2.16! with lower terms
n52,3. Direct application of formula of the type Eq.~2.15!
can be written in the form

gn~p8,p!5
b

pdn
expH 2

b

dn
@~p821p2!~dn2dn21!22pp8#J ,

~A1!

whered1 ,d2 ,d3 are given by Eq.~2.18!. For arbitraryn we
will use the mathematical induction method. Let Eq.~A1! be
valid for n; then for n11 we have, from the definition
~2.16!,

gn11~p8,p!5S b

p D 2 1

dn
E expH 2

b

dn
@~p821pn

2!

3~dn2dn21!22pnp8#J
3exp@2b~pn2p!22 ipn

2T#d2pn . ~A2!

The integral here is of the type Eq.~2.15!; so we have

gn11~p8,p!5
b

pdn

b

bn11
expS an

2

4bn11
D

3expF2
b

dn
~dn2dn21!p822bp2G ,

~A3!

where

bn115bS dn2dn21

dn
12a21D ,

an
254b2S p82

dn
2

12
pp8

dn
1p2D .

In order that formula~A1! will be valid for n11 the follow-
ing equalities have to be fulfilled~they obtained from com-
parison of expressions Eqs.~A1! and ~A3! at corresponding
combinations of momenta!

bn115
b

dn
dn11 , dn

2511dn21dn11 ,

dn1152adn2dn21 . ~A4!

We consider the recursion relation somewhat more gen
than the last relation~A4!:

Dn115aDn2b2Dn21 , ~A5!
1-11
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with the initial conditionsD25a, D35a22b2. We will
find the explicit form ofDn using Okunev’s method. The
quadratic equationz22az1b250 has the roots

z15
a

2
1A, z25

a

2
2A, A5Aa2

4
2b2. ~A6!

Substituting these roots into Eq.~A5! we can write

Dn115~z11z2!Dn2z1z2Dn21 . ~A7!

From this relation we have

Dn112z1Dn5z2~Dn2z1Dn21!5•••5z2
n22~D32z1D2!,

Dn112z2Dn5z1~Dn2z2Dn21!

5•••5z1
n22~D32z2D2!. ~A8!

Multiplying the first relation byz2 and the second relation b
z1 and subtracting one from another we obtain
uk

,

s

k-
o.

,

07600
Dn115
1

2A F S a

2
1AD n21S a22b22aS a

2
2AD D

2S a

2
2AD n21S a22b22aS a

2
1AD D G

5
1

2A F S a

2
1AD n11

2S a

2
2AD n11G , ~A9!

whereA is defined in Eq.~A6!. If a52a, b51 we have
from the last formula Eq.~2.17!. The second recursion rela
tion of Eq. ~A4! is also satisfied by Eq.~2.17!.

Note thatn-lines determinant

Dn115Ua b 0 ••• 0 0

b a b ••• 0 0

0 b a ••• 0 0

A A A A A A

0 0 0 ••• a b

0 0 0 ••• b a

U
gives the recursion relation~A5! and so Eq.~A9! gives the
value of this determinant.
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